The Leggett inequality is a constraint on the bipartite correlation that admits certain types of non-localities. Existing tests mainly focused on the electromagnetic systems where measurement apparatus are assumed to be projective and sharp.
Introduction
The non-locality is a distinct feature of quantum mechanics (QM) and is exhibited in the violations of various Bell inequalities [1] [2] [3] , which have been verified in photons [4] , atoms [5] , and hybrid systems [6] . Most of the experiments, mainly in the electromagnetic realm, favor the quantum predictions and render the joint assumption of realism and locality in Bell inequality untenable. Meanwhile, the attempt to test the Bell inequality in high energy physics, namely with massive quanta and different interactions, is a long lasting aspiration lingering in physicists' minds. However the task suffers from some hard-to-surmount issues [7] , of which a major one is the lost of the "freewill" when experimenters try to steer the analyser, or its analog, due to the spontaneous decays of particles [8] . This is known as the active measurement problem [9] , see Ref. [10] for a recent discussion.
In 2003, Leggett introduced a class of non-local model, i.e., relax the requirement of locality while still keep the realism [11] , and formulated an incompatible theorem between the non-local realism and QM in terms of the Leggett inequality. Soon after, experiments with photon were performed and shown in conflict with the Leggett model and agree with the quantum predictions [12] [13] [14] [15] . In recently, the falsifications of Leggett model using neutron matter wave and with solid state spins were carried out [16, 17] . Unlike the Bell inequality, there is no explicit requirement for active measurement in obtaining the Leggett inequality. This enables the experimental test of the non-local realism theory to be realized in high energy process beyond the electromagnetic interaction.
The measurements in the experimental test of the Bell inequality and Leggett inequality are assumed to be projective ones which are unbiased and sharp. Though the projective measurement belongs to the Positive Operator-Valued Measure (POVM) mea-surement [18] , in general the POVMs outperform the projective measurement for many quantum information tasks, such as state estimation [19] , quantum cryptography [20] , device-independent randomness certification [21] , etc. The Bell inequalities applicable to the POVM measurements were yet established [22, 23] , however how the Leggett inequalities are violated under the general POVM measurement is still unknown.
Here, we generalize the Leggett inequality to incorporate the general POVM measurement which appears biased and unsharp, and show for the first time that the hyperon hadronic decay actually performs an excellent POVM measurement on spin with unsharp outcomes. It should be noted, while the Bell inequalities designated for the POVM can be violated by the unsharp measurement for entangled hyperon pair, the violation of Leggett inequality is found depends on the asymmetry parameter of hadron decay, that means the POVM measurement does not always guarantee the violation happen. Nevertheless, in this paper, a fine structured Leggett inequality for hyperon decays characterized by the asymmetry parameters is obtained and its violation is found can be definitely observed in the sufficiently sharp measurement process, i.e. η c (χ c0 ) → Σ +Σ− → (pπ 0 )(pπ 0 ).
The POVM measurement and non-locality
The POVM operators for qubit (or spin-1/2) system may be defined as
Here σ = (σ x , σ y , σ z ) is an array of the Pauli matrices; η (±) and α describe the degrees of bias and unsharpness respectively with η (±) = 1 ± η and |η ± α| ≤ 1. Equation (1) will reduce to the projective measurement when the outcome is sharp (|α| = 1) and has no bias (η = 0). Taking the outcome '+1' as an example, the probability for observing '+1' while performing the measurement along n is
which gives 1+η−|α|
for arbitrary quantum state |ψ . If the particle A spins along the direction u, the average value for measuring the polarization along a direction a givesĀ
Here a is a unit vector and | u denotes the quantum state with spin along u. Obviously, for unbias and sharp measurements, we will get the Malus' lawĀ u ( a) = u · a, the well-known cosine dependence of the intensity of polarized beam through an ideal polarizer.
Bell and Leggett inequalities under POVM measurement
In talking about the hidden variable possibility, it is usually by default assume that the local realism theory should reach the same conclusion as the QM for single particle measurement, e.g. both agree with the Malus's law. Suppose there are two particles A(lice) and B(ob), the general local measurements on them may be expressed as
where η (±) a,b = 1 ± η a,b and α a,b represent the bias and unsharp parameters on each side respectively. For a bipartite system composed of A and B, let the joint distribution P jk ( a, b) with j, k ∈ {+, −} being the probability of observing the results j and k on each side by performing the measurements in (4) and (5) along a and b respectively. Then we have the following correlation function
In light of Refs. [22] and [23] (Lemma 1 of [22] and equation (15) of [23] ), we can put forward two Propositions:
Proposition 1 In bipartite system, the local realism theory is constrained via joint distributions for biased and unsharp measurements
Here η a,b and α a,b are bias and unsharpness parameters on Alice and Bob respectively with
Proposition 2 In bipartite system, the local realism theory is constrained via correlation functions for biased and unsharp measurements
Here η a,b and α a,b are bias and unsharpness parameters on Alice and Bob respectively.
Next, we explore the effective Leggett constraint, viz inequality, for the general POVM measurements of equations (4) and (5) . For two independent particles A and B, the local expectation values of given polarizations | u and | v writē
By means of the procedure proposed in Ref. [15] , we may obtain The vectors b i and b i are so arranged that the three vectors ( b i − b i ) are orthogonal to each other on particle B. Note, a 1 , a 2 , and a 3 need not to be orthogonal.
Proposition 3 In bipartite system, the the correlation functions in Leggett non-local realism model endure the following constraints for biased and unsharp measurement
Here, for each i, the unit vectors a i lies in the middle of b i and b i ; b i and b i have the same polar angle ϕ and are also unit, as shown in Figure 1 .
The derivation of Proposition 3 is presented in the Appendix. It is interesting to see that, for unbiased measurement the Bell inequality (8) 
Quantum predictions under the POVM measurement
The quantum predictions for the joint distribution and correlation function can be evaluated by
Then for spin singlet state |ψ AB = 1 √ 2 (| + − − | − + ) and unit vectors a and b, we have
The contradiction between the local or non-local realism with the quantum prediction may exhibit while substituting (14) and (15) into the Propositions 1-3. For the sake of simplicity and applying to the hyperon decay, we restrict only to the case of null bias parameters η a = η b = 0, i.e. the measurements are unbiased.
Corollary 1 For the unbiased measurement, equation (8) turns to the following form in the singlet state
That is, the local realism constraint is always violated by QM if the measurements are not totally unsharp, i.e., |α a α b | > 0.
Corollary 2 For the unbiased measurement, equation (11) turns to the following form in the singlet state
That is, the non-local realism constraint can be violated by the QM, if the measurement are sharp enough, i.e., (α 2 a + 1 9 ) · α 2 b > 1.
3 Test the Leggett inequality with entangled hyperon pair under POVM measurement
The POVM measurement, according to the method developed in Ref. [22] , for the hyperon hadronic decay Σ + → pπ 0 is shown in Figure 2 for exhibition. Here the Hilbert spaces of spin is coupled to momentum by the weak interaction U w in the following form:
where n is the unit vector of the momentum of the final state meson, and
Here S and P are the decay amplitudes in s and p waves.
the reduced density matrix for specific momentum reads
Thus, the projective measurement in direction n exerts a weak measurement on spin,
Here α = (S * P + SP * )/(|S| 2 + |P | 2 ) is the decay parameter. Comparing to equations (1) and (2), we find that the hyperon two-body hadronic decay behaves as a POVM measurement, which is unbias and bears the unsharp parameter α. In Figure 3 , various hyperon pair production processes in η c and χ c0 decays are given, including their decay branching ratios and parameters. The hyperon pairs stemmed from η c are in spin singlet state:
Therefore, by taking the correlation functions and decay parameters into equation (11), one may check whether the quantum prediction violates Leggett inequality or not with the POVM measurement induced by weak interaction. In the triple-measurement configuration of Figure 1 , equation (17) is plotted for the numerical results of hyperon-pairs production in η c decay, i.e., η c → Σ + Σ − , η c → ΛΛ, and η c → Ξ − Ξ + are shown in Figure   4 (a)-(c). The condition for α a and α b on each side where the violation of equation (17) could happen is plotted in Figure 4(d) . The hyperon pairs in η c decay may be symmetric in decay parameter in certain modes, which are noticeable in Figure 3 . In this case |α a | = |α b | = α, and the Corollary 2 gives For χ c0 to hyperon pair channels, we show the Leggett model can be similarly testified.
In the rest frame of χ c0 , as the most favorite angular momentum of the hyperon pair is L = 1, the spins of them should fit in the triplet state of S = 1. The total spin of the hyperon pair should agree with that of χ c0 , i.e. J = 0. Then the entangled state reads
Here s, l signify the spin and orbital angular momenta of the hyperon pair. For the angular momentum, the spherical harmonics tell
If we choose the direction of the outgoing hyperon pair along the z-axis, from equation (25) we know the spin state coupled to |1, 0 l takes the following form
Similar to the spin singlet state (23), the correlation function now becomes
where / a = (a x , a y , −a z ) = P z a with P z being a inversion along the z-axis. To exhibit a correlation as that of the singlet state from η c , we need only to perform P z to the measurement settings along A's side, i.e.,
For the triple-measurement settings in Figure 1 , the measured quantities become E( / a i , b i ) and E( / a i , b i ) . With the correlation function (29), all discussions on η c are applicable to the situation of χ c0 , that is to say the Figure 4 is also suitable for hyperon pairs coming from χ c0 .
Conclusions
In this work, we generalized the Leggett inequality to incorporate the unsharp POVM measurement. Different from the Bell inequality, the Leggett inequality is found to be inhomogeneous with respect to the unsharpness of the measurement. An unsharp measurement of spin is spontaneously carried out when hyperon undergos hadronic decays, where the unsharpness arises from the parity violation in the weak interaction. The joint decays of entangled hyperon pair thus can serve as a natural process to test the Leggett model, and we found the violation can be readily observed in the process of Tr |ψ( n f ) ψ( n f )|(S + P σ · n)|ψ( n i ) ψ( n i )|(S * + P * σ · n)
= Tr [(S + P σ · n)|ψ( n i ) ψ( n i )|(S * + P * σ · n)] = ψ( n i )|(S * + P * σ · n)(S + P σ · n)|ψ( n i )
Here α = (S * P + SP * )/(|S| 2 + |P | 2 ). Based on the method introduced in [S4], we may formulate the following POVM measurement model for the above weak interaction process. The Hilbert spaces of the spin of hyperon and the momentum of the final state bayron are coupled by the weak interaction U w in form of
where n is the unit vector of the momentum of final state baryon and
We have
This is unbiased and unsharp POVM measurements with α characterizing the unsharpness. The probability for observing +1 when measuring along n is
Equation (S8) is consistent with equation (S4), and it is easy to check the probabilities are normalized P + ( n) + P − ( n) = 1.
B The Leggett inequality for POVM measurements
Following the method of Ref. [S5] , we formulate the Leggett's non-local model with the following specific photon source. Suppose the source emits pairs of photons with welldefined polarizations u and v to A and B respectively. The local measurement outcomes are fully determined asĀ
Here 
where λ := u ⊗ v. In the spontaneous decays, the correlation may take the form of
That is, the measurement settings are predetermined by the hidden variables. Within this general source producing mixtures of polarized photons, the correlation function for the whole ensemble is given by
Here F (λ) is a distribution function of the source polarizations. For singlet state, there is no prior directions in the lab that the polarizations of the source concentrated to. Hence F ( u, v) is isotropic with respect to the real space directions.
measurements along a and b in a bipartite system may always be written as
From equation (S14), it is easy to show that the correlation term is
and the marginal terms for A and B are
whereĀ λ ( a),B λ ( b), and C λ ( a, b) have the same meaning as that of equations (S9)-(S12).
The joint probability distribution should be positive semi-definite, i.e.
which gives the following inequalities for the marginals and correlations
Using equations (S16) and (S17) to replace M (A,B) λ and for two directions on b and b on B, we have
Integrating over the distribution of the polarization F (λ), we get
Here we have used the followings. First,
Finally, polarization distribution function F ( u, v) does not vary with the real space directions, i.e. with a, b or a, b .
For triple-measurement setting demonstrated in Figure 1 , the equation (S28) would give 1 3
Because |v 1 | + |v 2 | + |v 3 | ≥ 1 in orthogonal bases, we have
which is just equation (11) . For equation (S29), the integral on the right hand side yields
Here 1 ≤ 3 i=1 |v i | ≤ √ 3 and b i are chosen to be the inverse of those b i in Figure 1 .
